INTRODUCTION
Domain discretization plays an important role in the nite element analysis. In the early stages of the nite element method, the e ort was mainly focused upon formulating methods and solving problems. The result was that pre-and post-processing techniques received limited attention. In recent years, the FEMs and Boundary Element Methods (BEMs) have become integral components in the design/synthesis process in virtually all engineering sciences. However, the widespread incorporation of these analysis tools is hampered by the data preparation associated with discretizing complicated geometries for numerical analysis. This is especially true for three-dimensional problems where manual or even semi-automatic methods quickly become too tedious to use and, additionally, are prone to erroneous results.
Owing to mesh generation's increasing role as a bottleneck in the nite element modeling and analysis, much attention has been focused on the problem of automatic mesh generation in the last few decades. A typical domain discretization process creates equally spaced vertices yielding a uniform mesh distribution and then introduces mesh re nement in certain regions according to user's experience, and thus requires human intervention. This methodology is adopted by most current commercial software packages. However, the error introduced into nite element solutions is related to the size and distribution of elements in the mesh as well as the problem physics. In fact, various physical problems have di erent requirements of mesh size and distribution. For the same physical problem and di erent boundary conditions, di erent mesh requirements exist. Generally, in the FEM as the mesh is re ned, the accuracy of the numerical solution is better but at the same time its cost also goes up. Excessive or ine ective re nement of domain wastes computational resources. Therefore, it is crucial to have e cient mesh generation and mesh re nement schemes.
Furthermore, due to recent improvements in computer technology, in particular massively parallel machines, the size of engineering problems which are practical to analyze using the nite element This work was partially funded by NASA, through an EMCC NRA grant, and by Motorola Inc. method is dramatically larger than before. This makes it even more important to automate the mesh generation process, so that creation of a mesh does not become a bottleneck in the analysis of a product design. Moreover, if mesh generation can be fully automated, then it becomes feasible to embed the entire nite element analysis (including the mesh generation) in a feedback loop in which the mesh can be selectively re ned to ensure accurate numerical solutions.
For the purpose of automating the mesh generation process, triangles and tetrahedra have overwhelming advantages over other types of elements because they are simplices in 2 and 3 dimensions, respectively. Delaunay tessellation 2] is a convenient and proven way to automatically discretize any arbitrary problem geometry into a group of triangles and tetrahedra in two and three dimensions, respectively. Commercial software based upon the use of the Delaunay algorithm and its variants are now commonly employed in the nite element analyses with reasonably satisfactory results. Therefore, in this paper, we shall focus on automatic mesh generation techniques based on Delaunay triangulation.
The Delaunay Triangulation

De nition
Given a set of points fPg in a plane, there exists many ways to join the points together to form a set of non-overlapping triangles which completely covers the domain. The Delaunay triangulation represents a particular construction of this type which has various well de ned properties. For example, the Delaunay triangulation is the dual of the Voronoi Tessellation. A Voronoi Tessellation is the graph obtained by drawing the median line-segments which separate the plane into regions which are closer to a given point of fPg than to any other point in the set fPg, as shown in Figure   1 .
Mathematically, the de nitions of the Voronoi tessellation (or Dirichlet tessellation) and the Delaunay triangulation can be described as:
De nition 1 : Voronoi Tessellation Given a set P of M unique, random points in a n-dimensional space, de ne a region D i such that D i = fx : jx ? p i j jx ? p j j; 8j 6 = ig
The collection
is de ned as Voronoi tessellation.
In two dimension the D m are convex polygons, in three dimensions the convex polyhedra. Regions which share (n-1) dimensional boundaries are termed neighboring tiles. The Delaunay triangulation is then de ned as follows.
De nition 2 : Delaunay Triangulation
Given a Voronoi tessellation D of n-dimensional space, the lines connecting the points P i to P j , where D i and D j are neighboring tiles corresponding to points P i and P j , form the Delaunay triangulation.
Another property of the Delaunay triangulation is known as the empty circumcircle property.
This states that no point of the forming set fPg can be contained inside the circumcircle of any triangle, as shown in Figure 1 . However, in the situation of degeneracy ies, there could be other points on the circumcircle. It is also well known that, in two dimensions, the Delaunay triangulation corresponds to a max-min triangulation, i.e., out of all the possible triangulations of a given set of points, it is the triangulation which incurs the largest minimum angle for all triangular elements. Thus, a Delaunay triangulation may be expected to result in well-shaped elements, without very small angles.
Max-Min Property
Here, we show that Delaunay triangulation in two dimensions maximizes the minimum angle among the six angles of the quadrilateral formed by two adjacent triangles. A formal statement of the criterion is as follows: If two triangles in the triangulation share a common edge, they de ne a quadrilateral with that common edge as the diagonal. If that quadrilateral is strictly convex then replacement of the chosen diagonal by the alternative one must not increase the minimum of six angles in the two triangles making up the quadrilateral, and this must hold for all such strictly convex quadrilaterals. These triangulations are referred locally equiangular triangulations by Sibson 9] . It has been described that Delaunay triangulation is the dual of Voronoi tessellation. Assuming that the triangulation is without degeneracies and the voronoi tiles will meet in three, namely the vertices of the Voronoi tessellation will be shared by three tiles (see Fig. 1 ). Thus if neighboring tiles are joined by edges, a triangulation of the convex hull results. This is the Delaunay triangulation as described in the de nition previously. Each point where three tiles meet is the circumcenter of the corresponding Delaunay triangles. The following two lemmas, taken from reference 9], show that the Delaunay triangulation satisfy the max-min angle criterion.
Lemma 1 Let ABC be a triangle, X a point strictly on the opposite side of BC from A. The max-min angle criterion selects BC as the diagonal of the quadrilateral ABXC if and only if X lies strictly outside the circumcircle of ABC; it selects AX as the diagonal if and only if X lies strictly inside the circumcircle; and it allows either BC or AX to be selected if and only if X lies on the circumcircle.
Proof: First suppose X is outside the circumcircle. Then either the quadrilateral is not strictly convex or the situation is as in Fig. 2 . Elementary geometry gives primed angles as strictly smaller than unprimed ones, paired as shown, and so BC is selected. If X is inside the circumcircle, the quadrilateral is necessarily strictly convex and the strict inequalities are all reversed, so AX is selected. If X is on the circumcircle the primed and unprimed angles are equal in pairs, and either BC or AX can be chosen. These are the only three cases.
Lemma 2 Empty Circle Property Let S be a circle, whose center is a point at which three or more (for degenerate cases) tiles of the Voronoi tessellation meet, and which passes through the generating vertices of those tiles. Then every other vertices lies strictly outside S. Proof: We have already stated the obvious fact that the multiple point is the circumcenter of the generating vertices of the tiles that meet at it. If another vertex lies on S, then it too would have a tile meeting at S, and if it lay strictly inside S, then the center of S would be strictly closer to it than to the vertices on S, which is impossible.
Consequently, it is shown that every Delaunay triangulation is locally equiangular. However, a similar property is yet to be proven for 3D tessellation.
3 Algorithms for Constructing Delaunay Triangulation Previously, we have described a few properties of the Delaunay triangulation. The empty circumcircle property, in particular, is attractive, since it extends readily to three dimensions, by considering the circumsphere associated with each tetrahedron. The empty circumcircle/sphere property forms the basis for several Delaunay triangulation algorithms in both two and three dimensions, which are described below.
Bowyer-Watson Algorithm
One method of forming Delaunay tessellation of a given set of points P is the Bowyer-Watson algorithm 1, 6]. The basic approach as shown in Fig. 3 for a two-dimensional case, is based upon the incremental point insertion into a pre-existing mesh. The extension of the algorithm to three dimensions can be brie y described as follows:
Start with an initial tetrahedral mesh D 0 containing all the points to be added; new internal tetrahedra are formed as the points are entered one at a time; At any typical stage of the process, a new point is tested to determine which circumsphere of the existing tetrahedra contains the point. The associated tetrahedra are removed, leaving an insertion polyhedron containing the new point; and, Edges connecting the new point to all triangular faces of surface of the insertion polyhedron are created, de ning tetrahedra that ll the insertion polyhedron. Combining these with the tetrahedra outside the insertion polyhedron produces a new Delaunay triangulation that contains the newly added point.
The Bowyer-Watson algorithm has proven to be very useful for unstructured mesh generation. It has been shunned by the computational geometry eld, mainly due to its poor worst-case complexity of O(N 2 ). However, for unstructured mesh generation, near linear O(N) performance has been reported for both two-and three-dimensional applications 7, 8] . More recently, it has been shown that the poor worst-case complexity of this algorithm represents a pathological case which can be easily be avoided by randomizing the order in which the points are inserted 17]. This algorithm is similar to the Bowyer-Watson algorithm in that it is based on sequential point insertion into an existing triangulation, and also relies on the empty circumcircle property. To insert a new point into the triangulation, the triangle which encloses this new point is rst located 9]. The point is then inserted into the triangulation simply by joining it to the three vertices of the enclosing triangle, as shown in Fig. 4 . (In the case where the point falls on a mesh edge, the edge is split and the point is joined to four vertices; situations in three dimensions involving split faces and edges are treated analogously). The resulting triangulation, although valid, is not necessarily Delaunay, and the remaining task is to transform it into the Delaunay triangulation by rearranging the mesh connectivity in the vicinity of the new point. This is accomplished by examining the three (or four) newly formed triangles. If their circumcircles are all empty, then the triangulation is indeed Delaunay, and no further modi cations are required. In the event one of these circumcircles contains a vertex, a diagonal swapping needs to be performed, as shown in Fig. 4 . The reason only outer edges need to be considered is that the initial three (or four) edges which touch the newly inserted point can always be shown to be part of the nal Delaunay triangulation. Each time an edge is swapped, two triangles are altered, and these must therefore be checked for the Delaunay criterion. However, each edge that is swapped can be shown to included in the nal Delaunay construction, and thus the only edges which need be considered for swapping are those which border on a modi ed triangle and an outer untouched triangle. The edge swapping procedure begins with the outer edges of the newly formed triangles, and propagates outwards, never reexamining the previously swapped edges, until the procedure terminates when no further edge need be swapped. This algorithm has been fairly successful in generating valid 2D triangulation, and is at the heart of many commercial mesh codes. However, a straightforward extension of this approach is not at all clear. This is mainly due to the fact that in 3D, a valid Delaunay tessellation can not be formed simply by swappings from any tessellation. A good discussion on this issue can be found in Shenton's thesis 3].
Green-Sibson Algorithm
Advancing-Front Delaunay Triangulation
While the previous algorithms represent a top-down approach, a bottom-up approach to constructing the Delaunay triangulation of a given set of points is a orded by the the advancing-front Delaunay algorithm. The idea is to construct the triangulation one triangle at a time, beginning at the boundaries of the domain, thus advancing or sweeping a front throughout the domain. The initial front is composed of the set of edge segments which de ne the convex hull of the point-set to be triangulated. We begin by choosing an edge of this front. The problem consists of determining the particular point to which the two end points of this edge must be joined in order to construct the unique Delaunay triangle for this edge, which will be present in the nal triangulation. This may be solved in a simple iterative way. An arbitrary interior point is chosen, and the triangle formed by the two end-points of the front edge and the interior point is constructed. If this triangle contains any other points within its circumcircle, it cannot be a valid Delaunay triangle, and thus an alternate point is chosen: i.e. the point contained inside the newly formed circumcircle which is closest to its circumcenter. By iterating on this procedure, as shown in Fig. 5 , the appropriate point which produces a triangle containing no points interior to its circumcircle is eventually found. This new triangle is therefore accepted, and the front is advanced by removing the current edge from the front, which is now obscured by the new triangle, and adding the new edges to the front. The algorithm terminates once all edges have been deleted from the front, i.e., when the entire domain has been swept out. 
Degeneracy and Convexity Check
One of the major problems of the Delaunay tessellation is the occurrences of degenerate points. A brief discussion of the degeneracy is presented in this section and a robust remedy to this problem is also included.
Degenerate Cases
The circumsphere property in 3D states that for a valid Delaunay tessellation M D , the circumsphere S of a tetrahedron T 2 M D would not include any Delaunay point p 2 P other than the four vertex points of T . However, in reality when xed-point arithmetic is used for computing the radius, with a point distribution P , it is very likely that some points in P other than the four vertices of T lie exactly on the surface @S within machine's precision. This will then cause ambiguous judgments on whether a certain tetrahedron should be deleted in applying Bowyer-Watson's algorithm to form the new mesh. An improper decision made by the computer will result in an invalid mesh and, consequently, cause the entire process to break down.
To (1) where R T ; O T are the radius and the center of the circumsphere S of T , respectively. A common practice in handling the degenerate points is to perturb them consistently to new locations and subsequently eliminate the degeneracy. Hence, the new tessellation which include the perturbed p will be strict Delaunay. These perturbed points could be restored to their original coordinates after the nal mesh is formed. Although this process and its variants have been proposed and improved in the literature, the personal experiences of the authors indicate that it is not a very reliable approach and often results in very poor 3D tessellations. Therefore, a di erent/new algorithm is developed here for more robust treatment of degenerate points. Before we present the algorithm, we need to rst address the concept of convexity in mesh generation.
Convexity Check
In applying the Bowyer-Watson's algorithm, it is necessary that the insertion polygon satis es the condition of point convexity 4].
De nition 3. A 3-dimensional polyhedron with faces f i is strictly point convex to the point p when the inward pointing normal to each polygonal face,n i , satis es the condition of point convexity:
n i (p ? x i ) > 0; 8i (2) where x i is an arbitrary point on face f i .
When the insertion polyhedron is strictly point convex, creating 3-dimensional tetrahedra by connecting p with each triangular face f i produces a structurally consistent mesh.
Point convexity checking is readily added to mesh generation algorithms to prevent structural inconsistency. As each point is inserted into the tessellation to create the insertion polyhedron, the condition for point convexity is enforced. In particular, when
where > 0, the point convexity condition is not satis ed. When a face f i is not strictly convex, the tetrahedron it is connected to is deleted, forming a new insertion polyhedron.
The New Add-A-Point Modi ed Delaunay Algorithm
The new add-a-point modi ed delaunay algorithm is similar to the Bowyer-Watson's algorithm in that it progresses the mesh generation process by adding one point at a time to an existing valid 3D tessellation. However, in the new approach, for each new point, p, to be added into the mesh, we rst form two sets of tetrahedra, C and D , for core tetrahedra and the degenerate tetrahedra, respectively. Every tetrahedron, T I could not be found, the insertion polyhedra region is then formed by expanding from C outward until the point convexity condition is satis ed. Once the insertion polyhedra is formed, the new point can be added by the same procedure as in step 3.
It should be noted that once the algorithm switches to step 4, the resulting mesh could no longer be Delaunay, at least in the strict sense. In our implementation, we have chosen = 1:7453e ? 4.
The nice thing of this new approach is that no point perturbations need to be performed, and the algorithm strives to maintain a minimum good quality mesh. We like to emphasize again that the degeneracy in Delaunay tessellation is not a problem, the problem is the inconsistent decisions made by the mesh algorithms due to degeneracy.
Preserving Object Boundaries
The boundaries of the physical domain are usually de ned through some CAD-type solid modeling program, which most often involves the use of piecewise spline curves in 2D, and assemblies of trimmed spline surface patches in 3D. This initial boundary description must be discretized as a set of line segments in 2D or a collection of planar faces in 3D, for mesh generation purposes. This may be achieved prior to, or simultaneously with, the construction of the mesh. The mesh generation procedure must be capable of guaranteeing boundary integrity: in 2D this corresponds to generating triangulations which contain the subset of edges which de ne the domain boundaries, while in 3D this corresponds to generating tetrahedralizations which contain the subset of triangular faces which de ne the discretized boundary surfaces. Boundary integrity is extremely important in mesh generation, for if the boundary surfaces cannot be recovered in the mesh, no numerical simulation is possible. 
Constrained Delaunay Triangulations in 2D
A triangulation of a given set of points which is forced to include as a subset of predetermined edges, is known as a constrained triangulation. Loosely speaking, a constrained triangulation which is as close as possible to a Delaunay triangulation is called a constrained Delaunay triangulation. A more formal de nition of a constrained Delaunay triangulation is given by Chew 13] : it is a triangulation which contains a set of prescribed edges, and such that the circumcircle of each triangle contains no other vertex of the mesh which is visible to it. A vertex is visible to a triangle if the line joining the vertex to any point interior to the triangle does not intersect one of the prescribed edges of the mesh. An example of a constrained Delaunay triangulation is given in Fig.  6 . The existence of constrained Delaunay triangulations ensures the validity of the advancing-front Delaunay triangulation algorithm for arbitrary initial fronts. It also guarantees the possibility of modifying an existing Delaunay triangulation to include a set of edges which de ne the boundaries of the domain to be triangulated. This is an important consideration for practical mesh generation algorithms, where non-convex and multiply connected domains are often considered. Unfortunately, an equivalent de nition for constrained Delaunay triangulations in three dimensions is not available. Thus, the construction and modi cation of three-dimensional Delaunay tessellations, which conform to a prescribed surface triangulation, has proved to be a non-trivial problem.
Stitching for Boundary Integrity
A method for recovering the boundary integrity has been outlined in reference 12]. The method begins by rst classifying the various mesh entities against the computational mesh (e.g. mesh edges are classi ed on model edges, faces or regions). When a topological entity is not continuously discretized by the mesh entities of equivalent topological order, then a topological hole exists. The topological holes, once recognized, can be stitched closed by the incremental addition of points to the Delaunay triangulation. For example, the addition of point p in Fig. 7 will produce a topological compatible mesh. The points can be generated by various means: one approach is to intersect the boundary of the polygon/polyhedra formed by triangles/tetrahedra connected to a point on the boundary of the topological hole (Figure 8 ). The process is repeated until all mesh entities are successfully classi ed and mesh continuity is satis ed.
In three dimensions, mesh faces are intersected only with topologically incompatible model edges. Model face incompatibility is resolved by intersection with mesh edges, since a mesh face incompatibility implies a mesh edge incompatibility. This procedure avoids expensive surfacesurface intersection calculation and produces the points required by Delaunay algorithms. Figure 8 : Generating a stitch point by intersecting point polygon with model geometry.
Model edge
Stitch point
Algorithm for Generating the Initial Valid 3D Tessellation
By combining the add-a-point modi ed Delaunay algorithm and the stitching approach, we have developed an algorithm which is capable of generating a good quality initial tessellation for any arbitrary three-dimensional problem geometries. The steps in the algorithm can be outlined as follows:
ALGORITHM II: Generating the Initial Tessellation 1. Analytically mesh up a rectangular box, which is big enough to enclose the problem domain, into 5 tetrahedra; 2. Insert the vertex points that de ne the problem geometries into the mesh using the add-apoint modi ed Delaunay algorithm;
3. Check for boundary edges integrity. If the object boundary edges are preserved, go to step 5; 4. If the boundary edges are not preserved, add stitching points, again using the add-a-point algorithm, on the intersects of mesh M D and the boundary edges. Go to step 3; 5. Check for boundary surfaces integrity. If the boundary integrity is observed, then terminates the process and a valid initial 3D tessellation has been successfully generated; 6. If the boundary surfaces are not preserved, add stitching points on the intersects of the mesh and the boundary surfaces to the mesh. Go to step 3.
6 Swappings in Two and Three Dimensions 6.1 Two-Dimensional Edge-Swapping Figure 9 : Two possible con guration for the diagonal of a convex pair of triangles in the edgeswapping algorithm.
A method for transforming a 2D triangulation into a Delaunay triangulation is given by the edgeswapping procedure of Lawson 14] . The algorithm is based on the fact that there are at most two ways of triangulating a set of four points, as shown in Fig. 9 . For each pair of triangles in the mesh which forms a convex quadrilateral, the original triangulation is compared to the alternative triangulation obtained by swapping the position of the internal diagonal, as shown in Fig. 9 . If the alternative triangulation is found to better satisfy the max-min angle criterion, then the diagonal is swapped. By iterative application of this simple diagonal swapping primitive over the entire mesh, the triangulation is eventually transformed into Delaunay. The complexity of this procedure is O(NlogN), where N represents the number of vertices.
Quality De nition in 3D
For a given FEM mesh, its quality must be assessed in order to determine whether the mesh is satisfactory. Although the de nition of mesh quality is not unique, and usually depends also on the solution procedures used for the FEM, nonetheless a good de nition based upon engineering sense will serve as a useful tool in our discussion of mesh smoothing algorithms. The quality factor that is used in this work is de ned as a normalized ratio of the in-radius R in to the circum-radius R out of a tetrahedron. In-radius and circum-radius are the radii of the inner-scribe sphere and the circum-scribe sphere, respectively. For an ideal tetrahedron R out = 3R in , therefore, we normalize the ratio of these two radii to range from 0 to 1. Consequently, the quality factor for a tetrahedron, T i , is de ned as
And, the quality of a submesh, M d = N i fT i g, is de ned by
Equation 7 will be used to determine later whether a swapping and/or a smoothing should be performed or not.
Three-Dimensional Edge-Face Swapping
Local modi cations for three-dimensional tetrahedral meshes based on simple edge-face swapping primitives are also possible. The primitives are based on the fact that, in d dimensions, d +2 points may be triangulated in at most two ways, as stated by Lawson 14] . Thus, in three dimensions, a set of ve points, either a unique triangulation exists, in which case the con guration is called non-swappable, or two di erent triangulations are possible, in which case swapping between the set of two constructs is possible. In general, the triangulation of ve points in three dimensions may result in 2, 3, or 4 tetrahedra, as shown in Fig. 10 . This is in contrast to the two-dimensional case, where the number of triangles and edges are identical for all possible triangulations of a given point-set. However, the triangulation of three-dimensional point-set no longer represents a planar graph, and Euler's formula no longer relates the number of elements to the number of vertices 16]. Thus, various triangulations of the same point-set in 3D can be expected to contain di erent numbers of elements, faces, and edges, and the edge-face swapping primitives can be expected to modify these numbers. Moreover, tetrahedra having a common edge can be replaced by a new set of tetrahedra so that this common edge is removed. Depending on the number of tetrahedra around the edge, one of the following modi cations can be made 5]: Figure 11 : 5-to-6 modi cation: Five tetrahedra fP 0 ; P 1 ; P 2; P 3g, fP 0 ; P 1 ; P 3 ; P 4 g, fP 0 ; P 1 ; P 4 ; P 5 g, fP 0 ; P 1 ; P 5 ; P 6 g, and fP 0 ; P 1 ; P 6 ; P 2 g (on the left) are replaced with six tetrahedra fP 0 ; P 2 ; P 3 ; P 4 g, fP 1 ; P 2 ; P 3 ; P 4 g, fP 0 ; P 2 ; P 4 ; P 6 g, fP 0 ; P 4 ; P 6 ; P 5 g, fP 2 ; P 1 ; P 4 ; P 6 g, fP 4 ; P 1 ; P 5 ; P 6 g (on the right).
achieve good quality mesh re nements from the initial mesh. A sample edge-subdivision is shown in Fig. 12 . This process, from practical experiences, avoids the troublesome boundary preservation process and usually results in better quality meshes than existing pure Delaunay mesh generation algorithms.
Mesh Smoothings
Although, Delaunay tessellation can be used to generate a FEM mesh automatically, it does not guarantee that bad elements are avoided. Particularly, in three dimensions, the occurrences of the slivery tetrahedra are frequent. The quality of the resultant mesh strongly depends on the given point distribution. Theoretically, there are three approaches to help ease this problem. They are: (i) to compute, a-priori, an optimal points distribution for a given problem geometry (too expensive and maybe too di cult); (ii) to adjust the location of the points in the add-a-point process dynamically in the hope of generating a good quality tessellation; and, (iii) to move the mesh points to new locations after a FEM mesh is created in order to improve the mesh quality. The process of moving mesh points around to new locations but maintaining the topology of the mesh is referred to as smoothing in the literature 2]. A better implementation usually combines both the second and the third approaches. When a new point is added in the mesh re nement process, a local smoothing is performed which is then followed by a local face swapping procedure to result in a local optimal tessellation. Moreover, once the entire mesh is obtained, a global smoothing in In the smoothing process, the connectivities of the vertices are xed and vertices are repositioned in order to produce a more optimal triangulation. Once commonly used technique is the Laplacian process, the repositioning formula can be derived as a nite di erence approximation of Laplace's equation. Each interior vertex is moved, successively to the centroid of its connected neighbors, and several iterations are done for the entire set of interior vertices.
In many cases, the triangulation will remain a Delaunay triangulation even after undergoing Laplacian smoothing; however, this is not guaranteed. Also, there is no guarantee that no vertices will be moved across the boundary, hence care must be taken to test the validity of the new triangulation before actually moving the point to the new location. A simple check to make sure that none of the new edges intersects with the edges of insertion polygon/polyhedra is su cient, see Fig. 13 .
Constrained Gradient Smoothing
Unlike the the Laplacian smoothing 2] algorithm, we cal also formulate the mesh smoothing as a constrained optimization problem as described below.
In the current approach, we formulate the mesh smoothing as a constrained optimization problem. Using the de nition of the quality factor in the previous section, it can be stated as 
where Q(T i ) is the quality factor for the tetrahedron formed by face i, and the point P. The constraints are set in such a way that the resultant mesh will always be a valid mesh, namely, there are no overlapping tetrahedra. Note that the derivatives of the objective function thus de ned in Eq. 8 can not be evaluated analytically, and the exact optimal solution to Eq. 8 will be di cult to nd. Therefore, we have adopted an engineering approach to come up with a satisfactory, not necessarily optimal, solution with a ordable computation time.
Our approach starts by rst calculating the radius of a constraint sphere S, centered at the current location of a point P, whose radius is the minimum distance of P to the side faces. In this way, it can be guaranteed that for all the points inside S, we will have a valid tessellation. Secondly, we nd the search direction for optimization by applying nite di erences to approximate the gradient of the objective function F at P. Finally, the optimal location which optimizes F along the gradient direction is obtained using a bisection method. Once the new/better location is identi ed, the point P is subsequently placed there.
3. 8E 2 Q, perform the analytic edge-subdivision and update the corresponding mesh. Go to step 2; 4. Loop through the entire vertex points and perform the constrained smoothing algorithm described previously. Make certain that the smoothings would not violate the boundary integrity of the mesh; 5. Loop through the entire triangular faces in the mesh and perform possible 2-to-3, 3-to-2, 4-to-4, and 5-to-6 swappings. Again, make certain that the process would not destroy the boundary integrity of the mesh. Two sample mesh results obtained by using this algorithm are shown in Fig. 14 and Fig. 15 for a waveguide lter and a microstrip applicator, respectively. Moreover, Table I summarizes the quality distribution of these two FEM meshes. Overall, the distributions show that the resultant meshes are more or less satisfactory. To conclude this section, we also plot the CPU time vs the N log(N ) curve, which is the theorectical limit on sequential machine, in Fig. 16 . The CPU times are taken, using the current implementation on a HP 735 machine, for various problem geometries with di erent mesh densities. Overall, the trend shows the current implementation follows more or less the N log(N ) complexity. However, the current implementation has not been fully optimized yet, and therefore, the performance described by Fig. 16 should not be taken as the ultimate behavior of the algorithm presented herein this paper. Moreover, for readers who are interested in the relation between number of vertex points, number of edges, number of triangular facets, and the number of tetrahedra within a given mesh, we recommend Ref. 18 ] for details. 
